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A CLHAACRERIZATION OF TU0 WA (TNG

DISTRIBUTIOMN |

By R M KORWAR

University of Massachusetts
and
Indian Statistical Institute

SUMMARY. In this note the Waring distribution is characterized
by the following property: For a positive integer-valued
ramdom wvariable X, P(x=r) = ) r=1,2,..., and with a finite

mcan u define two new random variables Y and Z by

PUY=T) = dp = §+lpk + ap)/(uta) , r=0,1,%,...,
=r

P(72=r) = q; = (r+b)pr/(x+b) , r=1,2,...,

where a>0 and b are constants with b-a+1>0. Then Z and Y

truncated at 0 have the same distribution if and only if X has

a Warina distribution.

Lot ¥ be a positive integer-valued® random variable

(r.v.) with

P(Y=r) = Pye r=1,2,..., (1)

Let X have a finite meaﬁu . Dne can define two new

classes of r.v!s Y and 2 by

P(Y=r) = q, = ( f+1pk+apt)/(u+ﬂ) N LU TR (?)
=r

*

LResurch 'nponsored by the Air Force Office of Scientific Research,
Q;\ ESC, USAP, under Grant AFOSR-80-0219.
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r P(2=r) = ql&(ﬂ'b)pt/(u*b) o r21,2,..., (3)

where a>0 and b>~1 arc constants. UListributions cof the tyne
(2) have been defined and studicd in the litcraturoe, Sc-
Johnson and Xotz (10G9,p.241). It is naturod to ask: For
what distributions X,Y and 2 arc essentially the sooe rovis?
Since Y takes the values 6,1,..., while 7 the values 1,2,...,
it is necessary to truncate Y at 0 , and then it turns out
that the abovce property is a unique proper ty of the Varino
distribution. For our purposz we define the Warino distribu-

"tion of Irwin (19€63) by

P(li=c) = (A-c)c{-r—lj /AI”] , Em), 2,00, (1)

where

A=-c>1 , ¢>0;

and

c[r]= c(c+1) ...’(c+r-1) e T=Y,2500¢., C[O] =1.

We are now ready to characterize the Waring distribu-

tion(4):

Theorem: L:t X be a positive imeger-valued random variable
given b?(l) witis 2 finitétﬁeah vy . Define Y ant 7 by (?)
and (3) respectively for some constants a>0, b satisfying
b-a+1>0. Then Y truncated at 0 has the same Jistribution

as 72 if and only if X has the Werinrg distribution(4).
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Proo:. : "Only if" part: Let g, and q; he glven by (2)

o_,r=1,2,

ard () for gsome a>0 and b-a+l>0 with qé = (1-—qo)-1 r ce, !

|
Then substituting for the p's in () from (3) we have |

Q. = {W+b)/(u+a)}{ I q./(k+tb) + ag!/(r+b)) , r=1,2,..

LI 4
kx=r+l

(s) ]

=(y+a)”', =0,

From (5) we obtain

9~9p4) = [§;+1/(r+l+b) + af q;/(r+b)"q'r+1/(r+1+b);](u+b)/(u+a)
£=1,7,..., 5

from which we geot tho recurring relation

q;+l s ( (r+h=ax) (r+b+1): a;/ { (r+b+1+;:=ax) (r+h)} , (F)

where

x = (V+b)/ ( (M+a) (1-q4) b= (u+b)/ (u+a-1) (7

Equation (f) yiclds

' o {rth-ax).. (l+b=-ax) (r+1+4h) C{
941 (r+l+b+x~ax) ... (?+b+x~ax) (1+h)

{*)
r=1,2,..

Y

Howewver, from (5) and the assumed relation q; -‘(l-qo)_‘q it .

1 .
follows that '



4y = Qg (i+b)/ {(1-q4) (1+h+x-ax)} (9)

Finally from (3) , {(S)-(9) wec obtain

’ .P - 1 I’.‘
P, = (]+b-ux)~r l~‘/(l+b+x-a.\:)[‘J , =100, {10}

which is Waring (4) with

c = (l+b=-ax) and i=s(l+b+x-ax),

It is easily scon from (3)-(7) and the assudptinn b-a+lsd hiat

c = (u~-1) (b=a+l)/(u+a=1)>0, and since x>l we also have rA=-c=x>1.

“If* part: Let the p's be given by /4). Then using the

“aring cepansion (0 -a) ' = c[ﬂ'/{f"l] « which ig valid
forx>u¢>0N, we obtain r=C '
E pp = (tr=1yo_/(A-c)
k=r+]

from which an? the fact thatwec/(\-e=1) + 1 one could casily
, . -1 .

vorify that 1 = (l-qo) a, where 3, q; are given by (2)

and (3) with & = (b-z+1)/(A=c) , b arbitrary but b-c+1>0,

Since A-c¢ is assumed to bn greater than 1, we have for the

above a and b that a<b-c+) or 0<c<h~a+l. This completes the

procf of tha throren.

Mote that our th-orem covers tho characterization of .
Yulce distribution: In the "Only it" nert the Yule distributiocn

corresponds to the cas: asb=0 an’ ir the 'if" part to c= 1,




o
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Thero is, in fact, a ccrtain connection to the charactoerization
of the Yulce distiibution given by Yrishnaji (1970). ¥rishuaj:

showcad that ¥ has th: Yule distributien
P{x=r) = (A=Y)r}t/ {(A+1)(3+?) ... (C+c)) , r=1,2,... (11)

whero d-1>0 if and only if » and the gr-atist intcacr in UX
trucated at 0 hav. th. same distribution. Hore U i a uriform
r.v. on (0,1) independently distribute? of X. ltiow if in the

"Only if" part of our theorcm we take a=b=0, (5) will rcducc

to

a, = I qi/k ., r=0,1,...
ksr+l

which is P( [UZ] =r) as has bcen shown by ¥rishnaji. Vere
U is uniform on (0,1) distributced inicpondentlyof 2 (and

hcenece of X) apd[x]dcnotes th. grceatest integor in x. Thus
Krishnaji's rcsult as applied to Z and {UZ] yiclds that {
7 has the Yul. Jdistribution (11), and % in turn has tho

Yule distribution (4) with c¢=1. O©f coursc, our "Only if"

patt gives the same result,
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